Abstract. We prove that the degree of the Brandt-Lickorish-Millet polynomial of any quasialternating link is less than its determinant. Therefore, we obtain a new and a simple obstruction criterion for quasi-alternateness. As an application, we identify some knots of 12 crossings or less and some links of 9 crossings or less that are not quasi-alternating. Also, we show that there are only finitely many Kanenobu knots which are quasi-alternating. This last result supports Conjecture 3.1 of Greene in [10] which states that there are only finitely many quasi-alternating links with a given determinant. Moreover, we identify an infinite family of non quasi-alternating Montesinos links and this supports Conjecture 3.10 in [20] that characterizes quasi-alternating Montesinos links.
introduction
Quasi-alternating links were first introduced by Ozsváth and Szabó in [18] . This class of links appeared in the context of link homology as a natural generalization of alternating links. Quasi-alternating links are defined recursively as follows: Definition 1.1. The set Q of quasi-alternating links is the smallest set satisfying the following properties:
• The unknot belongs to Q.
• If L is a link with a diagram D containing a crossing c such that Here is a list of properties of alternating links that hold for quasi-alternating links as well. These are actually the main obstruction criteria that have been used to study quasi-alternateness of links.
(1) the branched double-cover of any quasi-alternating link is an L-space [18, Proposition 3.3];
(2) the space of branched double-cover of any quasi-alternating link bounds a negative definite 4-manifold W with H 1 (W ) = 0 [18, Proof of Lemma 3.6]; (3) the Z/2Z knot Floer homology group of any quasi-alternating link is thin [15, rem 2]; (4) the reduced ordinary Khovanov homology group of any quasi-alternating link is thin [15, Theorem 1]; (5) the reduced odd Khovanov homology group of any quasi-alternating link is thin [17, Remark after Proposition 5.2]. The recursive nature of the definition of the set Q makes it hard to decide whether a given link is quasi-alternating by the only use of the definition. A different approach for the study of this class of links is to find algebraic properties that characterize quasi-alternating links. This is actually the main motivation of this paper. We prove that the degree of the Brandt-LickorishMillet polynomial Q L (x) of any quasi-alternating link L is less than its determinant. Hence, we obtain a new property of quasi-alternating links which is in other words a new and simple obstruction criterion for quasi-alternateness.
Consequently, we provide a table of knots with up to 12 crossings, and a table of links with up to 9 crossings which are not quasi-alternating. Also, we show that there are only finitely many Kanenobu knots that are quasi-alternating. This gives an easier proof of one of the claims of [11, Theorem 2] and supports Conjecture 3.1 of Greene in [10] since all Kanenobu knots have equal determinant. In addition, we identify an infinite family of non quasi-alternating Montesinos links. The later result supports Conjecture 3.10 in [20] that characterizes quasi-alternating Montesinos links.
Proof and Applications
In 1984, Jones introduced a new polynomial V L (t) which is an invariant of ambient isotopy of oriented links in the three-sphere. The Jones polynomials can be defined recursively by the following relations:
where U is the unknot and L + , L − and L 0 are three links which are identical except in a small ball where they are as pictured below:
Shortly after the discovery of the Jones polynomial, Brandt, Lickorish and Millet in [4] introduced a new link invariant Q L (x). For any link L, Q L (x) is a Laurent polynomial which can be defined by Q U (x) = 1 and a recursive relation on link diagrams as follows:
where L + , L − , L 0 and L ∞ are four links which are identical except in a small ball where they are as in the following picture
It is worth mentioning that the Q-polynomial is a specialization of the well known twovariable Kauffman polynomial F , [4] . More precisely, for any link L, we have
In the remaining part of the paper, deg(Q) refers to the highest power of x that appears in Q(x). It is well known that deg(Q) is always positive. Here are some properties of the Q−polynomial.
Proposition 2.1 ([4]
). The Q-polynomial satisfies the following:
The following lemma is the key step towards the proof of the main result of this paper.
where L 0 , L ∞ are the smoothings of the link L at any crossing c.
Proof. For any link diagram D, we define n(D) to be the minimum number of crossing switches necessary to transform D into a diagram of the unlink. We prove the lemma by induction on n = n(D). First, notice that we can assume without loss of generality that D = D + . If n = 1, then there is a crossing in D whose change produces a diagram D − of the unlink with
Using the fact that the degree of Q L is always positive, we can see that the term (2x
Now, let L be a link having a diagram D whose number of crossing switches is n(D) = n. Assume the result is true for all link diagrams with a crossing switches less than n, in particular for the link
Proof of Theorem 1.2. We use induction on the determinant of the given quasi-alternating link L. The result is obvious if det(L) = 1 since the only link that is quasi-alternating with determinant 1 is the unknot. Now assume that the result is true for all quasi-alternating links with determinant less than or equal to m. If L is a quasi-alternating link with determinant m+1, then both det(L 0 ) and det(L ∞ ) are less than or equal to m. By the induction assumption
In [12] , Kanenobu introduced an infinite family of knots K(p, q), where p, q are two integers. All these knots are known to have determinant equal to 25. Our idea is to apply Theorem 1.2 to study the quasi-alternateness of Kanenobu knots. The Q-polynomial of any Kanenobu knot is given by the following proposition:
where Q(
In the proposition above, σ n is defined as follows:
where α + β = x and αβ = 1. The degree of the Q-polynomial of any Kanenobu knot is given in the following proposition:
Proof. We claim that σ 0 = S −1 and σ n = n |n| S |n|−1 (x) if n = 0, where S k (x) is k −th Chebyshev polynomial of the first kind which is defined inductively by S −1 (x) = 0, S 0 (x) = 1 and S k (x) = xS k−1 (x) − S k−2 (x). The claim is obvious for n = 0 and n = 1. Now we prove that σ k satisfies the same inductive relation as the Chebyshev polynomial. Since α + β = x and αβ = 1, then for all k ≥ 1, we have:
Now the claim follows for any k since σ n = −σ −n for n < 0. Finally, with the convention deg 0 = −1, we conclude that deg Proof. A necessary condition for the Kanenobu knot to be quasi-alternating, is as follows:
This implies that |p| + |q| < 19 and we know that there are only finitely many values of p and q that satisfy this inequality.
The following corollary gives a partial solution of Conjecture 3.10 in [20] . β 1 ), (α 2 , β 2 ) , . . . , (α r , β r ), (α, β)) for all α = l + kβ for k large enough and l = 0, 1, . . . , β − 1 in standard form is not quasi-alternating if e = 1 and r i=1 βi αi = 1. This result supports Conjecture 3.10 in [20] . Proof. According to Theorem 1.2, a necessary condition for the above Montesinos link to be quasi-alternating is as follows: and it can be derived from the work in [20] . Note that increasing the value of k will increase the value of c(D) while the determinant stays fixed. Therefore, we can choose k large enough for fixed β so that β 
So we conclude that In [14] , Manolescu showed that all homologically thin in Khovanov homology non alternating knots of crossing number less than or equal to 9 are quasi-alternating, except the knot 9 46 . Among the 42 non alternating knots of 10 crossings, 32 are homologically thin in Khovanov homology. The authors of [1, 6, 9, 14] showed that all these knots are quasi-alternating except for the knot 10 140 . Shumakovitch in [22] showed that the knots 9 46 , 10 140 have thick odd Khovanov homology groups, so they are not quasi-alternating. Theorem 1.2 does not characterize quasi-alternating links since the knots 9 46 , 10 128 , and 11n50 for instance, satisfy the inequality deg(Q L ) < det(L), but they are not quasi-alternating. Actually, the knot 10 128 is homologically thick in Khovanov homology [5] . The knot 11n50 which is the Kanenobu knot K(3, 0) does not bound a negative definite 4-manifold with torsion-free as it has been shown by Greene in [10, Theorem 1.3]. Proof. The first family is the set of the pretzel knots of the form P (r + 2, r + 1, −r) and the second family is the set of the pretzel links P (r + 1, r + 1, −r), where r > 3 is an odd integer. It has been shown in [19] that these knots and links are thick in Khovanov homology. Therefore, they are not quasi-alternating. However, they satisfy the inequality in Theorem 1.2.
deg Q P (r+2,r+1,−r) = 3r + 1 ≤ r 2 − 2 = det(P (r + 2, r + 1, −r)) deg Q P (r+1,r+1,−r) = 3r + 2 ≤ r 2 − 1 = det(P (r + 1, r + 1, −r)),
where the first equality in each of the two equations above follows from [ Proof. The family is the set of the pretzel links P (n, n, −n) for n ≥ 3. It has been shown that all these links are homologically thin in Khovanov homology in [19] . However, they are not quasi-alternating by Theorem 1.4 in [10] . It is left to show that all these links satisfy the inequality in Theorem 1.2. We have Let L be a oriented link. The breadth of the Jones polynomial breadth V L (t) is defined to be the difference between the highest and the lowest degree of t that appear in V L (t). Inspired by Theorem 1.2 and computations of the breadth and the determinants of a large number of links, we conjecture the following.
Conjecture 2.10 is weaker than the one in [21] which states that for any quasi-alternating link, the crossing number is a lower bound of the determinant, c(L) ≤ det(L) since we know that the breadth of the Jones polynomial is always less than or equal to the crossing number of the link. The importance of the latter does also come from that it solves a conjecture of Greene in [10] which states that there are only finitely many quasi-alternating links with a given determinant. However, Conjecture 2.10 has the advantage that it involves the breadth of the Jones polynomial which is, in general, easier to compute than the crossing number. Conjecture 2.10 is true for all quasi-alternating links that have been checked to satisfy the conjecture c(L) ≤ det(L), see [21] . In the appendix, we prove both conjectures for quasi-alternating closed 3-braids.
We now apply the obstruction criterion introduced by Theorem 1.2 to provide a table of knots of 12 crossings or less that are not quasi-alternating. A second table contains links of 9 crossings or less that are not quasi-alternating is also provided. The computations of the Q-polynomials and the determinants are done using knotinfo [7] .
Finally, we close this section with the following two questions:
Question 2.11. Can we determine all Kanenobu knots that are quasi-alternating?
We conjecture that K(0, 0), K(1, 0), K(1, −1) are the only Kanenobu knots that are quasialternating.
Question 2.12. Can we characterize all quasi-alternating knots with crossing number less than or equal to 11?
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The importance of braid groups that Alexander's Theorem states that every link L in S where m ∈ {−1, −2, −3}. Then L is quasi-alternating if and only if n ∈ {0, 1}.
The following proposition introduces explicit formulas for the determinant of any closed 3-braid.
, where s, p i and Proof. Birman in [3] showed that the Jones polynomial of a closed 3-braid α is given by
where e α is the exponent sum of α as a word in the elementary braids σ 1 and σ 2 . Also,
is the Burau representation defined by ψ t (σ 1 ) = −t 1 0 1 and ψ t (σ 2 ) = 1 0 t −t , and tr denotes the usual matrix-trace function. Recall that for any link
The values of the determinants in cases 2 and 3 are obtained easily. Indeed, we have explicit formulas for the Jones polynomials in these cases: by counting the number of spanning trees of the Tutte graph associated with the diagram of β given in figure 5 . This graph is made up of a cycle u 1 u 2 . . . u q u 1 together with an extra vertex w of degree p which is connected to every vertex u qi by p i parallel edges.
A spanning tree where w has degree 1, consists of an edge among the p edges incident to w and a spanning tree of the cycle. There are obviously pq such trees. For a spanning tree where w has degree k ≥ 2, we first make a choice of k mutually non parallel edges incident to w, say wu qi 1 , . . . , wu qi k . Then we break all the cycles of type wu qi r . . . wu qi r+1 w and the cycle wu qi k . . . u qi q w by removing from each cycle an edge not incident to w. Note that the number of spanning trees will be then the product p i1 . . . p i k (q i1 + · · · + q i2−1 ) . . . (q i k−1 + · · · + q i k −1 )(q − (q i1 . . . q i k −1 )). The total number of spanning trees is obtained by taking the sum through all k ≤ s and i 1 < · · · < i k . If n is even, then det(L) = det( β). However, if n is odd, then det(L) = | − 1 − 1 − tr(ψ −1 (β)| = tr(ψ −1 (β)) + 2 = det( β) + 4. Now, we prove that for all quasi-alternating closed 3-braids, we have c(L) ≤ det(L). We start by considering the class of links in the first case of Baldwin's Theorem. If n = 0, then the link is alternating and the result holds. We will prove the result for n = 1, the case n = −1 is similar. Assume that L = (σ 1 σ 2 ) 3 σ 
